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The package SIHR aims to perform statistical inference in high-dimensional generalized linear models
with continuous and binary outcomes. It provides tools for constructing confidence intervals and performing
hypothesis tests for low-dimensional objectives in both one-sample and two-sample regression settings.

1 Introduction

We consider the high-dimensional GLMs: for 1 < i < n,

z for linear model;

E(yi | Xi) = f(X[B), with f(2) = { (1)

exp (z)/[1 + exp (2)] for logistic model;

where 8 € RP denotes the high-dimensional regression vector, y; € R and X;. € R? denote respectively the
outcome and the measured covariates of the i-th observation. Throughout the paper, define ¥ = EX; X
and assume [ to be a sparse vector with its sparsity level denoted as ||5|lo. In addition to the one-sample
setting, we examine the statistical inference methods for the two-sample regression models. Particularly, we
generalize the regression model in (1) and consider:

By | X)) = f(xPT0) withk=1,2and 1 <i < ny, 2)

where f(-) is the pre-specified link function defined as (1), 3*) € RP denotes the high-dimensional regression

vector in k-th sample, ygk) € R and Xi(_k) € RP denote respectively the outcome and the measured covariates
in the k-th sample.

1.1 Package Components

This package consists of five main functions LF, QF, CATE, InnProd, and Dist implementing the statistical
inferences for five different quantities, under the one-sample model (1) or two-sample model (2).

1. LF, abbreviated for linear functional, implements the inference approach for x]., 3, with Znew € RP

denoting a loading vector. With z,.w = e; as a special case, LF infers the regression coefficient f3;.

2. QF, abbreviated for quadratic functional, makes inferences for STASB. A is either a pre-specified sub-
matrix or the unknown covariance matrix 3.

3. CATE, abbreviated for conditional average treatment effect, is to make inference for f(zT, B3?%) —
f (x;ewﬁ(l)). This difference measures the discrepancy between conditional means, closely related to
the conditional average treatment effect for the new observation with covariates Zyew-.

4. InnProd, abbreviated for inner products, implements the statistical inference for (VT A3, The inner
products measure the similarity between the high-dimensional vectors f(*) and (), which is useful in
capturing the genetic relatedness in the GWAS applications.

5. Dist, short-handed for distance, makes inferences for the weighted distances yT Ay with v = g2 —g(1),
The distance measure is useful in comparing different high-dimensional regression vectors.



1.2 Outlines

In section 2.2, we propose a unified inference method for xT., 3 under linear and logistic outcome models.

We also discuss inferences for quadratic functionals BLABc and SLYq cBq in section 2.3. In the case

of the two-sample high-dimensional regression model (2), we develop the inference method for conditional
treatment effect A(2pew) = f(27.,8?) — f(2T.,81) in section 2.4; we consider inference for ﬁg)TAﬂg)

and ﬁg)TZG,Gﬁg) in section 2.5 and 7, Ay and 74 ¥q cve with v = 83 — B in section 2.6.

2 Methodologies

We briefly review the penalized maximum likelihood estimator of 8 in the high-dimensional GLM (1), defined
as:

")j%'? 18,1, )

with X.; denoting the j-th column of X, the first column of X set as the constant 1, and

p
= in £(8) + A
B = arg min £(8) + X0 )

=2

w2im (Wi — XiTﬂ)z for linear model
(B) =19 " 1<n FXIB) 1 < T o . (4)
—L 3 yilog [71_)0(3(';6)} — 2> i log (1= f(X]5)) for GLM with binary outcome.

The tuning parameter Ao < y/logp/n is chosen by cross-validation. In the penalized regression (3), we do
not penalize the intercept coefficient 8. The penalized estimators have been shown to achieve the optimal
convergence rates and satisfy desirable variable selection properties [10, 1, 14, 12]. However, these estimators
are not ready for statistical inference due to the non-negligible estimation bias induced by the penalty term
11, 8, 13].

2.1 Linear functional for linear model

To illustrate the idea of constructing the inference method, we start with the linear functional for the linear
model, which will be extended to a unified version in the section 2.2. For the linear model in (1), we define
€; = y; — X8 and rewrite the model as y; = X[ + ¢ for 1 < i < n. Given the vector Znew € RP, we
construct the point estimator and the CI for 27, 5.

neWE with the penalized estimator
B defined in (3). However, the bias a7 (E — B) is not negligible. The work Cai et al. [3] proposed the

new
bias-corrected estimator as,

A natural idea for the point estimator is to use the plug-in estimator xT

— ~ 1 ,\
Hlonf = B+ T Y (v: - xIB). (5)
i=
where the second term on the right hand side in (5) is the estimate of negative bias —:chlew(B\ — ), and the
projection direction @ is defined as

u = arg irel]ll&% uTSu  subject to: ||§Ju — Znew|loo < ||Znew]|2A (6)

Then 2t = [ [3] < e 32, (")

where & = L3 X X] and A < \/logp/n. The bias-corrected estimator zlew /3 satisfies the following
error decomposition,

-~

- 1 — = T
I.I;EW —a] =uT— XT i (EA - ncw) - .
Plonf = lon =T33 Xl (80— ) (8-D)

remaining bias

asymp. normal
The first constraint in (6) controls the remaining bias term in the above equation while the second constraint

in (7) is crucial to ensuring the asymptotic normality of ziew — z],,3 for any vector ey such that the



variance of the “asymp. normal” term always dominates the “remaining bias” term. Based on the asymptotic
normality, we construct the CI for a7, 5 as

—_ A~ —_ A~ A~ A2 ~
Ol = (e = 20/2VV,  TlewB+200VV)  with V= Zarsig,
n

where 5% = L 3" (y;— B) and z, /2 denotes the upper a/2 quantile for the standard normal distribution.

2.2 Linear functional for GLM

In this subsection, we generalize the inference method specifically for the linear model in Section 2.1 to GLM
in (1). Given the initial estimator B, the key step is to estimate the bias mnew(ﬁ B). We can propose a
unified version of the bias-corrected estimator for x1 .3 as

Thon = LB+ 072 S w(XIP) (i — FXIB)) X ®

=1

with the second term on the right hand side of (8) being the estimate of —xITleW(B — f). In counsideration of
different link functions f(-) in (1), we shall specify in the following how to construct the projection direction
4 and the weight function w : R — R in (8). In Table 1, we consider different GLM models and present

Model Outcome Type | f(z) | [f'(2) w(z) | Weighting
linear Continuous z 1 1

logistic Binary 1fez a _f; E (H;z ) | Linearization
logistic_alter | Binary li% ﬁ 1 Link-specific

Table 1: Definitions of the functions w and f for different GLMs.

the corresponding functions f(-) and w(-), together with the derivative f’(-). Note that there are two ways
of specifying the weights w(z) for logistic regression. The linearization weighting is proposed in Guo et al.
[7] specifically for logistic regression; while Cai et al. [4] constructed the link-specific weighting method for
general link function f(-). The projection direction @ € R? in (8) is constructed as follows:

1< ~ ~
U = arg min uT l Zw(XiTﬂ)f’(XiTﬂ)Xi.Xg] u  subject to:
n

uekr i=1
1 = A
=S WXIA (XI)Xa Xt~ tew | < 727 ®)
i=1 0
1 n T T 2 2
owiy 2@ XIB (XIB)Xi XLt = e ) < B

It has been established that x/rT,ew\B in (8) is asymptotically unbiased and normal for the linear model [3], the

o —

logistic model [6, 4], and the probit model [4]. The variance of Zjew3 can be estimated by V, defined as

l QZ( XTﬁ) afxi.Xgla with : (10)

N2
2 %Z?:l (yj — XjTﬂ) , for linear model
2=

. (11)
f(XZTB)(l — f(XzTE)), for GLM with binary outcome.

Based on the asymptotic normality, the CI for x7 . 5 is:

Cl= (T = 20/2VV, Tl +202VV)



Subsequently, for the binary outcome case, we estimate the case probability P(y; = 1 | X;. = Znew) by
f(zlewB) and construct the CI for f(z],,.05) as:

CL= (1 (ehewB = 20/2VV) . £ (henB + 202V ).

2.3 Quadratic functional for GLM

We now move our focus to inference for the quadratic functional Qa = SLABg, where G C {1,...,p} and
A € RIGIXIG] denotes a pre-specified matrix of interest. Without loss of generality, we set G = {1,2,---,|G|}.
In the following, we propose a unified version of the point estimator and CI under the GLM (1). With the
initial estimator B defined in (3), the plug-in estimator EaABG suffers from the following error,

BLABG — BLABc = 2BLA(Bc — Ba) — (Ba — Ba)TA(Ba — Ba).

The last term in the above decomposition (ﬁ(; - Bg)TA(ﬁg — Bg) is the hlgher order approximation error
under regular conditions; thus the bias mainly comes from the term 25&14(5@ Ba), which can be expressed

as QxEQW(B B) with Tyew = (BCT;’A7 0)7. Hence the term can be estimated directly by applying the linear
functional approach in section 2.2. Utilizing this idea, Guo et al. [7, 5] proposed the following estimator of

Qa,

Qua = BLABG + 207, [; > w(XIB) (v — (X]B)) Xza] 7

i=1
with the second term being the estimate of —23&A(3G — Ba), where w4 is the projection direction defined
in (9) with Zpew = (BLA, 0T)T. Since Q4 is non-negative if A is positive semi-definite, we truncate Q4 at 0

and define Q A = max (Q A, O). We further estimate the variance of the Q A by

S T T3\52 T I Z
Va(r) = 4uT [nQ;w (XTB)52X;. X] it (12)
where the term 7/n with 7 > 0 (default value 7 = 1) is introduced as an upper bound for the term

(EG — ﬁg)TA(EG — Ba), and 7 is defined in (11). Then given a fixed value of 7, we construct the CI as
CI(r) = <max <QA — Zay2\/ Va(7), 0) Qa + Zas2 \7,4(7))

Now we turn to the estimation of Qs = BL¥q,cBc where the matrix EG ge is unknown and estimated
by EG a= Zl 1 XicX o Decompose the error of the plug-in estimator ﬂGEG GB

BLEc.aB — BaSacha = 2BLEa.a(Ba — Ba) + BL(Ec.c — Ta.c)Ba — (Ba — Be)Sa.c(Ba — Ba)-

The first term BéiG,G(BG — Bg) is estimated by applying linear functional approach in Section 2.2 with
Tnew = (BEEq,q, 0)T; the second term (L (Xq . — Ya,q)Ba can be controlled asymptotically by central

limit theorem; and the last term (B\G - ﬁ(})Tig)G (,73’\(; — Be) is negligible due to high-order bias. Guo et al.
[7] proposed the following estimator of Qs

n

Qs = E(T_;ie,egc +2u], [711 Zw(XiTﬁ) (yz - f(XiT.B)) Xi-‘| )

where Uy, is the projection direction constructed in (9) with Zpew = (B\éigﬁg, 0)T. We introduce the
estimator Qx = max(Qyx, 0) and estimate its variance as

~ 1 & ~
Vs(r) = 4a7 —2§ WA(XTB)oI X X]
n

=1

SR RN ~ N A2 T
u+ TTZ(52;XLGX1IG5G—[3<T;EG,G5G) +;, (13)



where 7 > 0, the term 7/n is introduced as an upper bound for the term (B\G — BG)@G,G(EG — Ba), and 72
is defined in (11). Then, thanks to the asymptotic normality, for a fixed value of 7, we can construct the CI

o CI(r) = (max (QE — Za/2 \/\A?(T)’ O) Qo zae \/\A?(T)> |

2.4 Conditional average treatment effects

The inference methods proposed for one sample can be generalized to make inferences for conditional average
treatment effects, which can be expressed as the difference between two linear functionals. Let A; € {1,2}
denote the treatment assignment for i-th observation. Consider the two-sample GLMs as

E(yi| Xi, A = 1) = f(X] M) and  E(y|Xi., A = 2) = f(X]8P),

where f is the link function listed in table 1. Then, for a future individual X;. = Zpew, we define A(zpew) =
E(y;| X;., Ai = 2) — E(y;| X;., A; = 1), that measures the difference of the conditional mean of assignment of
treatment for the individual with covariates Zpey.

Following (8), we construct the bias-corrected point estimators of zfewS(!) and zfew3(2), together with
their corresponding variance V(1) and V(5 as (10). The paper Cai et al. [3] proposed to estimate A(Zpew)
by ﬁ(xnew) as:

ﬁ(xneW) = f(@hewB?) — f(zhewBD)).
Its variance can be estimated with delta method by:

o —

~ , T 2 , 2 .
Va = (f (ﬁEeWﬂ(l)D V) + (f (IEeWﬂ@U) V).
Then we construct the CI as CI = (ﬁ(wncw) — Za/2 VA, ﬁ(xncw) + za/Q\/\A/' > .

2.5 Inner product of regression vectors

The paper Guo et al. [5], Ma et al. [9] have carefully investigated the CI construction for ﬁg )TABg ), provided
with a pre-specified submatrix A € RIGIXIGl and the set of indices G € {1,...,p}. Let E(l) and 3(2) respectively
be the initial estimators for their corresponding sample in (2), the plug-in but biased estimator is Bg )TAB\g ),
Its bias can be decomposed as:

BT AR _ g7 452) — FOT Y (Ag) _ 8)) O (3&2) _ Bg))
~, T ~
_( w _ g)) A@g)_ﬁg))_

The key step is to estimate the error components Bg)TA (Ag) — 58)) and BS)TA (Ag) — g)) Then the
following procedures can be interpreted as applying Linear Functional twice on two independent samples.
To be specific, we propose the following bias-corrected estimator for ﬂg )TABg )

— N N 1 ni N N
BITARD = BPTABD 1T 30 w(XTAW) (50 — FxTE)) X
M (14)

JUR R o~ ~
> w(x T (yP - F(xPTE)) X[,

25

with the second term and the third term in right-hand-side of (14) estimating —Bg)TA (B(Gl) — ﬁg)) and

~

—AS)TA (,Bg) - ﬂg)) respectively, where @ is the projection direction defined in (9) with Zyew = (Ag)TA7 0)7



and Uy is the projection direction defined in (9) with Zpew = (Bg )TA, 0)7. The corresponding variance of
ﬁél )TAﬂg ) when A is a known positive definite matrix, is estimated as

Va(r) =VO 494 T
min(ny, ng)
where V() is computed as (10) for the k—th regression model (k = 1,2) in (2) and 7 > 0, the term
7/ min(ny,ns) is introduced as an upper bound for the term (Bg) - ﬁg))TA(gg) - Bg)).

When A is not specified, we treat A = ¥ ¢, which is unknown. As a natural generalization, the quantity
ﬁg )TZG,Gﬂg ) is well defined if the two regression models in (2) share the design covariance matrix ¥ =

IE)Xi(,l)Xi(,l)T = IEXZ-(,Q)Xi(,Z)T. We follow the above procedures replacing A by i(}y(; = m Z?:lfm XiaX] g
where X is the row-combined matrix of X and X ). The variance of ﬁg)TEG,GBg) is now estimated as

ni+nz
~ T

N N 1 . . e 0N 2
_ W 45O Ty T 3 _ 301 @)
Vs(r) = VO 4+ V@ + s 3 (5G X;aX]6BE - BY zg,GgG) +

— min(ny,ng)’

Depending on whether the submatrix A is specified or not, the CI is

S)TABg) - ZQ/QvA(T), Bg)TAﬁg) + ZQ/QVA(T)) if A is specified
CI(r) = — —
B Sa.aBE — zapVa(r), BG8ecBE + Za/2VE(T)> otherwise.

2.6 Distance of regression vectors

We denote v = 3 — B(1) and its initial estimator 7 = 3(2) — 3(1). The quantity of interest is the distance
between two regression vectors v& Ay, given a pre-specified submatrix A € RIGIXIGI and the set of indices
G € {1, ...,p}. The bias of the plug-in estimator 7} A7¢ is:

~ ~ ~ (2 2 ~ (1 1 ~ ~
véAvavéAVc;:MéA( @ _ é)) 727&4( é)*ﬁé)> - (e —7a)"A(Re —a) -

The key step is to estimate the error components 75 A (Aél) — é”) and 7L A (Ag) — g)) in the above
decomposition. We apply linear functional techniques twice here, and propose the bias-corrected estimator:

—_— R ~ ~
1§ A6 = e — 20 - w(XTEW) (5 - f(x(TEM)) X[V
=1
(15)

41 = -
n 2@772 ZW(Xi(.z)TB(Q)) (ylgz) _ f(Xi(,Q)T/J’(Q))) x®.
i=1

Then by non-negative distance, we define 4§, Ayg = max {*y(T;Avg, O} . The second term on right-hand-side

of (15) is to estimate —2z]

(Aél) - 8)) with Zpew = (3&4,0)T; and the third term on right-hand-side
of (15) is to estimate —2 xﬁew(gg) — ((;2)) with Zpew = (3G A,0)7 as well. The corresponding asymptotic
variance for the bias-corrected estimator is

Valr) =4V0 44V 4 T

min(ny, ng)
where V(® is computed as (10) for the k-th regression model (k = 1,2) and 7 > 0, the term 7/ min(ny, ny) is
introduced as an upper bound for the term (g —va)TA(Re —vg). With asymptotic normality, we construct

the CI
Cl(r) = (max (fy(T}AfyG - ZQ/Q\/vA<T), 0) s Y&EAYG + Za/g\/vA(T)) .



When the submatrix A is not specified, we treat A = X g, which is unknown. The point estimator

7&XG,cve can be computed similarly as outlined in (15). In this case, the submatrix A is substituted
with ¥¢ ¢ and the resulting value is truncated at 0, where g ¢ = m Zz":lfnz X X[ g with X as the
row-combined matrix of X(1) and X(?). Its corresponding asymptotic variance is

N =N N 1 ni+nz R 2 -
Vg =4V 4 4V®) (ATXz- XTAG —AlSa.6d ) T
> + + (n1 + n9)? ; TeticAiche TIeRe.aNe ) min(ny, ng)

Next we present its CI

CI(T) = (max (IYE;Z’VG — Za/2 V VZ(T), 0) ) VéE’YG + Za)2 \/ v2(7)> .

3 Others

3.1 Construction of Projection Direction

The construction of projection directions are key to the bias correction step, see (8). In the following, we
introduce the equivalent dual problem of constructing the projection direction. The constrained optimizer

u € RP can be computed in the form of u = f% {0_1 + H;—*Hﬂ] , where, v € RPT! is defined as
*12
~ 1 . .
V = arg min {VTHTXTDlag(w)Dlag(f')XHv + 2T W HV + Ay [[Znewl|s ||V|1} , (16)
veRp+1 n
) N ~ ANT ~ AT
with H = [m,lpxp] € RPX(PH) | w = (W(X{ﬂ),...,w(X;5)> and £/ = (f'(XlTﬁ),...,f'(Xgﬂ)) . We

refer to Proposition 2 in Cai et al. [2] for the detailed derivation of the dual problem (16). In this dual
problem, when T is singular and the tuning parameter \,, > 0 gets sufficiently close to 0, the dual problem
cannot be solved as the minimum value converges to negative infinity. Hence we choose the smallest A,, > 0
such that the dual problem has a finite minimum value. Such selection of the tuning parameter dated at
least back to Javanmard and Montanari [8].
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